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We propose theoretically how unconventional superconducting pairing in a repulsively interacting
Hubbard ladder can be enhanced via the application of a Floquet driving. Initially the Hubbard
ladder is prepared in its charge-density-wave dominated ground state. A periodic Floquet drive is
applied which modulates oppositely the energy offset of the two chains and effectively reduces the
tunneling along the rungs. This modulation of the energy offsets might be caused by the excitation
of a suitable phononic mode in solids or a superlattice modulation in cold atomic gases. We use
state-of-the-art density matrix renormalization group methods to monitor the resulting real-time
dynamics of the system. We find an enormous enhancement of the unconventional superconducting
pair correlations by approximately one order of magnitude.
Recent experimental progress in solid state and quan-
tum gas experiments opened up the possibility to inves-
tigate phenomena far-from equilibrium [1–4]. In pump-
probe experiments on solids, the material is brought out-
of equilibrium by a short pump laser pulse which either
couples mainly to the electronic [1, 3, 5–11] or struc-
tural [12–14] modes of the material and the subsequent
dynamics is monitored, e.g. by a probe pulse. The tai-
lored pump pulse can induce a change in the properties
of the material and states or properties which are not
accessible in equilibrium can become reachable. Exam-
ples of such interesting non-equilibrium states reach from
Floquet-Bloch states at the surface of topological insu-
lators [15] over hidden states in a layered dichalcogenide
crystal [16] to states in which the electron-phonon cou-
pling is strongly enhanced [17]. An intensified effort has,
in particular, been devoted to dynamically induce su-
perconducting properties in materials [18–23]. However,
despite the outstanding experimental progress the under-
standing of the underlying mechanisms of the dynamic
control of materials and their properties such as super-
conductivity is still far from complete. Simplified models
are being considered in order to identify the important
ingredients of processes taking place. For example, the
enhancement of s-wave superconducting correlations by
the excitation of a specific phononic mode has been pro-
posed [24] or by the use of competing orders[25]. The
build-up of short range Cooper-pair correlations [26, 27]
is simulated in the driven attractive Hubbard model .
In this work, we show how unconventional supercon-
ducting pair correlations can be enhanced drastically
by approximately one order of magnitude using tailored
light-pulses. We consider a material in a charge density
wave ground state which is described by a Hubbard lad-
der. We assume that a phononic mode can be excited
which leads to a modulation of the energy offset between
the two legs of the ladder. Alternatively, this situation
can be emulated in cold atom experiments using time-
dependent superlattices. The periodic modulation effec-
tively lowers the tunneling along the rung of the ladder
and thus drives the system towards the d-wave supercon-
ductor.
We consider a material which in equilibrium can be
described by a Hubbard ladder with repulsive onsite in-
teractions,
H0(J⊥) = −J‖
∑
j,σ,m=0,1
(
c†m,j,σcm,j+1,σ + h.c.
)
−J⊥
∑
j,σ
(
c†0,j,σc1,j,σ + h.c.
)
+U
∑
j,m=0,1
nm,j,↑nm,j,↓. (1)
Here, cm,j,σ (c
†
m,j,σ) annihilates (creates) a fermion with
spin σ =↑, ↓ on leg m = 0, 1 and rung j = 1, . . . , L of
the ladder. The operator nm,j,σ = c
†
m,j,σcm,j,σ is the cor-
responding density operator. The fermions tunnel along
the legs of the ladder with tunneling amplitudes J‖ and
along the rungs with a tunneling amplitude J⊥. Fermions
on the same site interact repulsively with strength U > 0.
The Hubbard ladder is a quasi-one-dimensional model
in which some of the two-dimensional characteristics ap-
pears. It is one of the rare examples, where a purely
repulsive interaction leads to a superconducting state
[28]. In the limit of a large tunneling amplitude on the
rungs, i.e. J⊥/J‖ an intuitive picture of the origin of
this superconducting phase can be gained. In this limit,
the fermions energetically favor to form singlet pairs ex-
tended over the rungs. At half filling, each rung is locked
into a singlet state. Under doping of the half-filled case
by two holes, two situations can occur: First the holes
are located on different rungs and two singlets are bro-
ken. Second the holes are located on the same rung, only
one singlet is destroyed. Since the second configuration of
paired holes is energetically favorable, these pairs of holes
can Bose-condense under certain conditions. They give
rise to a superconducting state with unconventional pair-
ing symmetry. This is a quasi-one dimensional example
for the RVB (resonant valence bond) mechanism which
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2was proposed as a possible origin of high-temperature
superconductivity [29].
We assume that by the coupling to a light field,
phononic modes can be excited which result in an alter-
nation of the potential underlying the legs of the Hubbard
ladder. We describe these phononic modes classically by
a time-dependent potential V (t) with
V (t) =
∑
j,σ,m=0,1
A(t)(−1)m sin(ωt)nm,j,σ, (2)
where A(t) is the amplitude of the modulation which
varies slowly in time compared to the oscillation period.
Such a potential change could also be emulated in an
optical lattice using a superlattice modulation [30].
We will determine the time-evolution of the model
quasi-exactly using the numerical time-dependent
DMRG or MPS methods. We show how this modula-
tion can be used starting from a charge density wave to
enhance the unconventional superconducting correlations
dynamically by an order of magnitude. However, before
we do this, we first discuss the ground state properties
of the repulsively interacting Hubbard ladder [28], and
then give an insight into the effect of such a modulation
deriving a time-independent effective Hamiltonian using
the Floquet representation of the system.
The ground state properties of the repulsively inter-
acting Hubbard ladder have been studied both analyti-
cally and numerically (see e.g. [28, 31, 32] and references
therein).
At weak interaction, the bosonization method [28] pre-
dicts the occurrence of unconventional superconductiv-
ity and of a 4kF -charge density wave (CDW
4kF ), where
kF is the Fermi wave-vector. The unconventional su-
perconducting pairs are singlets formed on the rungs of
the ladder given by ∆d(j) = c0,j,↑c1,j,↓ − c0,j,↓c1,j,↑ and
are often loosely called of d-wave symmetry. At long
distances, bosonization predicts that the density and un-
conventional pair correlations decay algebraically as
〈∆n(j)∆n(j + l)〉 ∝ l−Kn
〈∆d(j)∆†d(j + l)〉 ∝ l−
1
Kd , (3)
respectively. Within bosonization the exponents of the
decay are related by Kρ = Kn = Kd and Kρ is called
the Luttinger liquid parameter. If Kρ > 1 the d-wave su-
perconductor is the dominant ground state whereas for
Kρ < 1 the 4kF -charge density wave (CDW
4kF ) dom-
inates. In contrast, on each leg of the ladder eg. leg
with index m = 0 the spin correlations 〈Sz(j)Sz(j + l)〉
with Sz(j) = nj,0,↑ − nj,0,↓ decay exponentially due to
the occurrence of a spin gap.
The field-theoretical description has been supported
by early numerical work [32–34] which found dominat-
ing unconventional pair correlations already on relative
short distances and confirmed the existence of an un-
conventional superconducting state. A decade later in
FIG. 1. Ground state phase diagram of the repulsively in-
teracting Hubbard ladder for U = 8J‖ at filling n = 0.9375.
For intermediate hopping values (0.9 / Jeff⊥ /J‖ / 1.65) the
exponent Kd > 1 shows that the unconventional pair correla-
tion is dominant, whereas at low and large values of the ratio
of the tunneling the charge density wave is dominant since
Kd < 1. The crossover takes place at Kd ≈ 1 (marked by the
dashed horizontal line). Kd is extracted from the decay of the
unconventional pair correlations calculated via iDMRG. The
unit cell in the iDMRG calculation has size 32×2. The arrow
sketches the non-equilibrium situation in the effective Floquet
model. Starting with the charge density wave (CDW4kF ) with
J⊥/J‖ = 3.9598, the frequency of the periodic driving is cho-
sen such that the final effective system is an unconventional
superconductor (SCd) with Jeff⊥ /J‖ = 1.4.
Ref. [31] the numerical determination of the correlations
by DMRG and extrapolation of results have been suffi-
ciently good to confirm the relation between the expo-
nents of the decay of the pair and density correlations
(Eq. 3), i.e. the relation Kρ = Kn = Kd. Moreover, the
Luttinger parameter could be determined reliably for a
few specific parameter sets.
Fig. 1 shows the ground state phase diagram of the
system for repulsive interaction U = 8J‖ and filling n =
N↑+N↓
2L = 0.9375, zero magnetization Mz = N↑ −N↓ = 0
versus the ratio of the tunnelling amplitudes Jeff⊥ /J‖. At
small ratios of the tunneling amplitudes Jeff⊥ /J‖ / 0.9,
the charge-density-wave state is dominant. At interme-
diate ratios the unconventional superconducting state is
stable. At large ratios Jeff⊥ /J‖ ' 1.65 the state reenters
the charge-density-wave state.
In order to extract the state diagram (Fig. 1), the
unconventional-pair exponent Kd is calculated for differ-
ent ratios of the effective tunneling amplitude using the
infinite DMRG (iDMRG) method. For the parameters
Jeff⊥ = 1.4J‖, U = 8J‖, the corresponding correlations
and fits are shown in Fig. 2 and compared to finite sys-
tem calculations obtained by DMRG in order to check
3FIG. 2. (a) The unconventional pair correlations and den-
sity correlations for a repulsive Hubbard ladder (Eq. 4) with
U = 8J‖, J
eff
⊥ = 1.4J‖ at filling n = 0.9375 calculated with
DMRG for a ladder of size 384× 2 using a bond dimension of
up to M = 4000 and a truncation error E = 10−8 and with
iDMRG for unit cell of size 32× 2 using a bond dimension of
up to M = 5000 and a truncation error E = 10−12. The cor-
relations show an algebraic decay with additional oscillations
and are fitted (dashed lines) by l−ν (a+ b cos(2pin(l − l0))) in
order to extract the exponents where ν, a, b and l0 are the fit-
ting parameters. The extracted exponents are Kd = 1.43
(DMRG), Kd = 1.42 (iDMRG) and Kn = 1.48 (DMRG)
which identify the dominating d-wave superconductivity. As
a guide to the eye, the fitted algebraic decay without oscilla-
tions is shown with solid lines. (b) The exponential decay of
the spin correlations.
their accuracy. We use a high-performance density ma-
trix renormalization group code for large finite systems
(DMRG) and for infinite system (iDMRG) with ITensor
[35] which enables us to target correlations over longer
distances than previously obtained [31]. We checked the
convergence of the obtained correlations to a sufficient
accuracy.
We find that our results can be fitted in a region of
distances up to l = 100 (for density correlations the scal-
ing behavior is preserved up to l = 200) with the func-
tion l−ν [a+ b cos(2pin(l − l0))] where ν, a, b and l0 are
the fitting parameters. On top of the power-law decay
an oscillation is observed at a wave vector 4kF = 2pin.
The extracted value of exponents from density and pair
correlations for L = 394 are Kn = 1.48 and Kd = 1.43
and are already close in their value. From the numer-
ics (not shown) we observe that for smaller size of the
system L < 394 the power-law exponent extracted from
density correlation lies above this value (Kn > 1.48) and
the exponent extracted from unconventional pair corre-
lation lies below it (Kd < 1.43). For example we obtain
Kn = 1.52 and kd = 1.4 for system of size L = 192
which is the same value as calculated in the previous
work [31]. Thus, the results for different system sizes
suggest, that the values of Kn and Kd become equal
in the thermodynamic limit of L → ∞ and that the
resulting Luttinger liquid parameter Kρ lies in the in-
terval of Kρ ∈ [1.43, 1.48]. The value of the iDMRG
calculations lies already very close to that value. Since
the iDMRG calculations are computationally much less
costly, we use these to extract the approximate crossover
between the charge density-wave and the superconduct-
ing phases (Fig. 1).
The main aim of this work is to dynamically enhance
unconventional superconducting correlations by driving
effectively the system from a charge density wave to a
state which resembles the superconducting state (see the
arrow in Fig. 1). To gain an insight into the effect of
the proposed time-dependent modulation of the energy
offsets (Eq. 1), we use a Floquet description [36] and as-
sume A(t) to be constant. In the high frequency limit
~ω  J‖, J⊥ considering a perturbative expansion in
powers of A~ω are given by
H
(1)
eff = H0(J
eff
⊥ ). (4)
Within this approach the time-dependent driving results
mainly in a modified effective rung tunneling amplitude.
The rung tunneling is modified as Jeff⊥ = J⊥J0( 2A~ω ) whereJ0 is the Bessel function of order zero.
This means that we can start initially with a material
which has a CDW as the ground state and then switch
the driving to a value such that Jeff⊥ /J‖ corresponds to an
unconventional superconductor (see the arrow in Fig. 1).
Thus, within the effective approach the formation of the
unconventional superconductor can be induced dynami-
cally.
In order to study whether this superconducting state
predicted by the perturbative effective model can be
reached, we determine the full time-evolution of the time-
dependent Hamiltonian (Eq. 1) using the time-dependent
MPS (tMPS) method for finite systems [37, 38]. Starting
from a charge-density-wave dominated ground state of
the system with Hamiltonian H0 (see Eq. 1) and param-
eters J⊥ = 3.9598J‖, U = 8J‖ for a ladder of size 32 × 2
and filling n = 0.9375, the modulation is switched on at
time t = 0. In order to model a slow switch on of the driv-
ing as it can occur via the excitation of phononic modes
[39], the modulation amplitude A is ramped up linearly
in time with the ramp time Tramp until it reaches the
maximum value, i.e. A(t) = Af t/Tramp for t < Tramp and
A(t) = Af for t > Tramp. We choose the driving param-
eters ~ω = 100J‖ and Af = 88.8J‖ which give the effec-
tive tunneling Jeff⊥ = 1.4J‖. The corresponding ground
4state is an unconventional superconductor with almost
maximal superconducting correlations, i.e. the maximum
value of the Luttinger liquid parameter Kρ = 1.45 ± 0.3
(see Fig. 1).
In Fig. 3 the results for the evolution of the unconven-
tional pair correlations during the switch on of the drive
is plotted for a time step dt = 0.01T with T = 2pi/ω
and a bond dimension M = 1000. The convergence of
these results to a sufficient accuracy is checked for differ-
ent bond dimensions M = 1000, 1500, 2000 and different
times steps dt = 0.01T, 0.005T, 0.001T . The unconven-
tional pair correlations show for all considered distances
and ramp times a large rise on the time scale of the ramp
time. After the ramp is concluded, the pair correlations
saturate and oscillate around a saturation value. The sat-
uration value for the short range correlations lies approx-
imately one order of magnitude above the initial value.
This shows that an enormous enhancement of the uncon-
ventional pair correlations can be induced dynamically by
the external drive.
We compare the results from the exact time-evolution
with the predicted ground state results from the effective
Hamiltonian Eq. 4 at different times of the ramp. Consid-
ering Jeff⊥ = J⊥J0( 2A(t
∗)
~ω ) for a few chosen t
∗ during the
ramp and the final time, we calculate the unconventional
pair correlation for the corresponding effective ground
state shown as dots in Fig. 3. We see that the short
distance correlations l = 1 follows approximately the ex-
pected values of the effective model at the initial times
t/Tramp < 0.8. At larger ramp times t ≈ Tramp, larger
deviations can be observed. The time-evolved correla-
tion remains below the predicted value of the effective
model. This effect becomes even more pronounced for
larger distances (l > 1) of the pair correlations for which
the time-evolved value of the correlation remains already
at earlier times below the predicted effective value.
Comparing different ramp times, the results for the
correlations with slower ramp times reach larger values
and come closer to the predicted effective value. The
results for different ramp times start to deviate approxi-
mately at the time when deviations of the effective model
occur and, thus, we attribute part of this deviation to the
non-adiabatic following during the switch on of the driv-
ing (a similar effect had been seen in [40] for bosonic
atoms subjected to a Floquet drive). Additionally, the
first order effective Hamiltonian H
(1)
eff might not be accu-
rate enough for the chosen parameters and some devia-
tions might stem from this.
In order to investigate in more detail the final value
reached after the switch on of the driving, in Fig. 4 the
pair correlation after the ramp time (t = 1.2Tramp) is
plotted versus distance l for the different ramp times
Tramp = 50T, 100T, 150T and compared to the initial
correlations and the predicted final value of the effec-
tive model [41]. A significant dynamic enhancement of
FIG. 3. The dynamics of unconventional pair correlations
at different distances l = 1 to l = 7 (from up to down) for
different ramp times. The unconventional pair correlations
increase during the ramp time and later oscillate around an
average value. The system is 32 × 2 ladder with filling n =
0.9375. The parameters are J⊥ = 3.9598J‖, U = 8J‖, Af =
88.8J‖. The frequency of periodic driving is ~ω = 100J‖ with
T = 2pi
ω
. Symbols mark the corresponding effective ground
states.
FIG. 4. The unconventional pair correlations at initial
time t = 0 and at the time t = 1.2Tramp for three different
ramp times Tramp = 50T, 100T, 150T . The correlations in the
ground state of the effective Hamiltonian with Jeff = 1.4J‖
are plotted for the comparison. Parameters are the same as
in Fig.3.
the unconventional pair correlations by approximately
one order of magnitude for l = 1, 2 is evident. Even
though the high value of the final effective correlations is
not fully reached, the enhancement increases with slower
ramp times. We expect from this finding, that slower
ramp times could be utilized in order to enhance the val-
ues of the unconventional pair correlations even more.
5In this work we investigated the dynamic enhance-
ment of unconventional-pair correlations in a periodi-
cally modulated Hubbard ladder. Starting with a state
which is initially in a charge density wave state, the
drive induces unconventional-pair correlations and drives
the system towards an unconventional superconducting
phase. We used the exact t-DMRG methods in order to
determine the dynamics. Deviations from the predicted
ground state of an effective Floquet-picture are found
which are mainly attributed to the non-adiabatic switch
on of the perturbation. Our results give a proof of princi-
ple that unconventional superconducting correlations can
be induced via a dynamic control. Our results could be
probed in quantum gas experiments in optical superlat-
tices, where a dimerized modulation of an energy offset
has already been realized [30, 42–45]. A careful analysis
of different phononic modes for example organic struc-
ture which realize Hubbard ladders in order to identify
a mechanism for the realization in such systems and fol-
lowing simulations which take realistic parameters into
account would be very fruitful.
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